Low- Temperature Properties of Quasi-One-Dimensional Molecule-Based Ferromagnets 
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Quantum and thermal behaviors of low-dimensional mixed-spin systems are investigated with 
particular emphasis on the design of molecule-based ferromagnets. One can obtain a molecular ferro- 
magnet by assembling molecular bricks so as to construct a low- dimensional system with a magnetic 
ground state and then coupling the chains or the layers again in a ferromagnetic fashion. Two of 
thus-constructed quasi-one-dimensional bimetallic compounds are qualitatively viewed within the 
spin- wave treatment, one of which successfully grows into a bulk magnet, while the other of which 
ends in a singlet ground state. Then, concentrating on the ferrimagnetic arrangement on a two- 
leg ladder which is well indicative of general coupled-chain ferrimagnets, we develop the spin-wave 
theory and fully reveal its low-energy structure. We inquire further into the ferromagnetic aspect 
of the ferrimagnetic ladder numerically calculating the sublattice magnetization and the magnetic 
susceptibility. There exists a moderate coupling strength between the chains in order to obtain the 
most ferromagnetic ferrimagnet. 

PACS numbers; 75.10.Jm, 75.50.Gg, 75.30.Ds, 75.40.Mg 



I. INTRODUCTION 

Much effort has been devoted to designing molecular 
systems ordering ferromagnetically and recent progress 
PI in the molecular chemistry in this context deserves 
special mention. One unique approach Q| to molecular 
ferromagnets consists of assembling molecular bricks so 
as to construct a low-dimensional system whose ground 
state possesses a nonzero resultant spin and then cou- 
pling the chains or the layers in a ferromagnetic fash- 
ion. We are fully convinced that ferromagnetic cou- 
plings between nearest-neighbor magnetic centers lead 
to the highest spin multiplicity, but such an interac- 
tion generally requires rather high site symmetries re- 
alizing the orthogonality of the magnetic orbitals. Ex- 
cept for a few polynuclear metal complexes j^-^] with 
the symmetry-imposed orthogonality, most of ferromag- 
netically coupled molecular systems critically depend 
on some structural parameters which are hard to handle 
chemically. An alternative solution ||] to a highly mag- 
netic ground state was obtained from a rather different 
concept— antiferromagnetically coupled polymetallic sys- 
tems with irregular spin-state structures. It is the non- 
compensation of local spins, rather than the ferromag- 
netic interaction between nearest neighbors, that a mag- 
netic ground state really demands. Ordered bimetallic 
chain compounds ^ are thus synthesized and since then 
the magnetic properties of ferrimagnetic chains have ex- 
tensively been investigated [pO|-pl|. 

This new strategy for molecular ferromagnets is 
well described by two contrastive but family com- 
pounds ||-||]: MnCu(pba)(H20)3-2H20 with pba 
= l,3-propylenebis(oxamato) = C7H6N2O6 and 
MnCu(pbaOH)(H20)3 with pbaOH = 2-hydroxy-l,3- 
propylenebis(oxamato) = C7H6N2O7, which are here- 
after abbreviated as "pba" and "pbaOH" complexes, re- 



spectively. Both materials contain one-dimensional align- 
ments of alternating magnetic centers Mn of spin 5* = | 
and Cu of spin s = ^ and behave as chain compounds of 
local spins S—s coupled ferromagnetically. However, due 
to the interchain interactions, their three-dimensional be- 
haviors are qualitatively different: With decreasing tem- 
perature, the divergence of the magnetic susceptibility, 
which is reminiscent of one-dimensional ferromagnets, is 
stopped at the onset of three-dimensional ordering for the 
pba complex, whereas the pbaOH complex still behaves 
as a ferromagnet below the critical temperature. The 
former ends up with a singlet ground state in three di- 
mension, while the latter really achieves a molecule-based 
ferromagnet. Besides the bimetallic chain compounds, 
certain metal-radical mixed materials pSj-pTf have also 
achieved the latter situation. 

In such circumstances, Heisenberg alternating-spin 
chains were fully studied and their ferromagnetic- 
antiferromagnetic mixed features ||2^ were illuminated. 
However, very little has been calculated beyond one di- 
mension. Namely, theoreticians have indeed assembled 
molecular bricks so as to construct ferrimagnetic chains 
but have not yet coupled them in a ferromagnetic fashion. 
Thus, in this article, we proceed to the latter part of the 
crystal engineering of molecular ferromagnets— interchain 
coupling. First, taking the case of the ab planes of the 
pba and pbaOH complexes, we generally discuss the low- 
energy structures of mixed-spin systems beyond one di- 
mension. Second, focusing on the ferromagnetic ordering 
of the ferrimagnetic chains, we fully investigate two-leg 
mixed-spin ladders, which are well indicative of general 
ferrimagnetic coupled-chain systems. Calculating their 
thermal, as well as quantum, behavior, we finally un- 
derstand how effective the interchain coupling is in de- 
signing molecular ferromagnets. We make full use of the 
spin-wave theory employing numerical tools as well. 
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MnCu(pba)(H20)3- 2H2O MnCuCpbaOHXHjOj 
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FIG. 1. Schematic representation of the crystal structures 
of MnCu(pba)(H20)3-2H20 (a) and MnCu(pbaOH)(H20)3 
(b) in their ab planes. 



II. MIXED-SPIN COUPLED-CHAIN SYSTEMS 

The above-mentioned bimetallic chain compounds, 
MnCu(pba)(H20)3-2H20 and MnCu(pbaOH){H20)3, 
are schematized in Fig. 0. Due to their characteristic 
crystal packings | |2^ , the dominant interchain interaction 
occurs between spins of the same kind in pba, whereas be- 
tween those of different kinds in pbaOH. Thus these ma- 
terials may essentially be described by the /-leg-L-rung 
mixed-spin coupled-chain Hamiltonians 
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with S and s representing Mn(II) of spin S — ^ and 
Cu(II) of spin 5=5, respectively. We adopt the periodic 
boundary condition in both leg and rung directions. 

In order to qualitatively investigate the low-energy 
structures, we here make a spin-wave approach to the 
models. Assuming the Neel configuration and then in- 
troducing bosonic spin-deviation operators of four kinds, 
where the numbering notation is specified in Fig. |^, we 
obtain the spin- wave Hamiltonians up to quadratic order 
in the momentum space as 

^sw = jYX^k^k^k - ^Ss - 2r{S' + s')] , (2.2) 
k 

^[At.7^^^Ufc-4(l + r)5s] , (2.3) 
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where 



^'"^ - EEi-^-S • -S+i + J'-S ■ - (2.1) 

i=i 3=1 

where a and b are set for the index a, corresponding 
to pba and pbaOH, respectively, and the jth magnetic 
center on the ith chain, er^"^ is explicitly given as 
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Here, we have set twice the lattice constants in the x 
(leg) and y (rung) directions both equal to unity, whereas 
J'/ J equal to r. The spin-wave excitations are revealed 
through the Bogoliubov transformation |^^, which can 
be described in terms of a 8 x 8 matrix U as 



A^ = UBj^ ; UAfU'' = U^AfU = TV , 
where the metric 

A/" = diag[l, 1, 1, 1, -1, -1, -1, -1] , 
has been introduced in order to demand that 



B 



k 



T 



4" 



should satisfy the boson commutation relations. 



(2.8) 
(2.9) 
(2.10) 



In the case (a) we obtain two spin-wave modes, which 
are both doubly degenerate, as 



4^Hk) = J2{A + cTVB)., 



(2.11) 



where the index a takes ± and 
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FIG. 2. Dispersion relations of the spin-wave excitations as functions of for the Hamiltonian H^'^' with ky fully running 
in the Brillouin zone and a denoting the lattice constant in the leg direction. {S,s) is set equal to (1, |)- r is increased in the 
order (a) to (d). 




FIG. 3. Dispersion relations of the spin-wave excitations as functions of kx for the Hamiltonian H^^^ with ky fully running 
in the Brillouin zone and a denoting the lattice constant in the leg direction. {S,s) is set equal to (1, 5). r is increased in the 
order (a) to (d). 
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while in the case (b) the spin waves are generally com- 
posed of four modes as 



,(b) 



(fc) = ^C-Dr+G-JC , 



(2.13) 



where the indices a and r take ± and 



C_ 

J2 



(1 



4S's 



(2.14) 



In Figs. H and || we schematically show the dispersion 
relations as functions of running ky from to In. 
Since quasi-one-dimcnsional situations are of our inter- 
est, here and in the following we explicitly observe the 
dispersion in the leg direction. Although the excitation 
spectra (2.11) and (2.13) look alike in the small-r region, 



there occurs an essential difference between them with 
the inclusion of the interchain couplings. In the case (a) 
the lowest excitation mode exhibits a linear dispersion 
for small momenta as 



^ kx 



with 



wl^) = Ja / 2rSs 



{S - s)2 + 4rSs 



(2.15) 



(2.16) 



whereas in the case (b) it remains quadratic as 

jy_ik,,ky = 0)^v^J'hl, (2.17) 



with 



5*5,7 
2{S~s) 



(2.18) 
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The velocity Vx monotonically increases with r, while 
the curvature does not depend on r up to 0(5*^). 
The low-energy physics is much more sensitive to the in- 
terchain interaction of the type (a). 

Thus, we find that the three-dimensional ground state 
of the pba complex is singlet regardless of the magni- 
tude of r, while the pbaOH complex can be a three- 
dimensional magnet. Systems of the type (a) miss our 
goal— molecular ferromagnets, but they are interesting 
in relation to the Haldane-gap problem Co- 
existence of Haldane-gap excitations and gapless ones 
induced by the long-range order in i?2BaNi05 {R = 
magnetic rare earth) [p2|-p6[ has been motivating theo- 
retical approaches to the model Ti^**^ from the r ^ oo 
limit 1^-0. Now we restrict ourselves to the model 
Ti^*^^ and explore further into the low-energy physics es- 
sential to ferrimagnetic coupled-chain systems. 
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FIG. 5. Dispersion relations of the ferromagnetic and antiferromagnetic elementary excitations, which reduce and enhance the 

ground-state magnetization and thus lie in the subspaces of magnetization M = {S — s)L^l, respectively, for the {S, s) = (1, i) 

two-leg ferrimagnetic ladders. The noninteracting-spin-wave (LSW) and interacting-spin-wave (ISW) calculations are shown 

by dotted and solid lines, respectively, whereas symbols represent the exact-diagonalization results, r is increased in the order 

(a) to (d). 



III. FERRIMAGNETIC SPIN LADDERS 

Considering the present aim of revealing essen- 
tial effects of the interchain interaction on quasi-one- 
dimensional ferrimagnetic phenomena, further calcula- 
tions of the two-dimensional lattice are not necessarily 
efficient. Though numerical tools are indispensable for 
quantitative understanding, the large degrees of freedom 
strongly reduce their feasibility. In this context, Fig. ^ 
gives us a useful piece of information. It is true that 
the number of states decreases with decreasing I, but 
the essential band structure remains unchanged. Even 
in the two-leg ladder system, the band width, ujl^^{kx = 
2cos~^r, ky = 0) — uj'^}{kx — ky — 0), the curvature of 
the ferromagnetic dispersion, and the gap of the low- 
est antiferromagnetic excitation mode, (jJ^!'1(0), they are 
all exactly the same as those of the corresponding two- 
and three-dimensional systems within the up-to-0(S'^) 
spin-wave theory. The two-leg ferrimagnetic ladder is 
thus found to be very well indicative of any ferrimag- 
net in higher dimensions. From the physical point of 
view, ladder ferrimagnets are highly interesting in them- 
selves, where quantum effects are much more remarkable 
and therefore novel phenomena are much more expected. 
There are in fact recent reports on quantum ferri- 



magnetic spin ladders where quantized plateaux in their 
ground-state magnetization curves have been revealed. 

We proceed to detailed calculation of the low-energy 
structure of the ferrimagnetic spin ladder. Due to the 
periodic boundary condition imposed on Eq. ( ^.l|) , the 
two-leg ladder with an intrachain coupling J and an in- 
terchain coupling J' is described by the Hamiltonian 7i '''' 
with / = 2 and J' being replaced by J'/2. For the later 
convenience, we take N for the number of the elemen- 
tary units, L/2, and again adopt the notation r — J' /J. 
The dispersion relations of the free spin waves are com- 
pared with the exact-diagonalization results in Fig. |^. 
The lower-bands of ferromagnetic features are very well 
described by the linear spin-wave theory, whereas the 
upper-bands of antiferromagnetic features significantly 
deviate from the free-spin-wave excitations. The rela- 
tively poor description of the antiferromagnetic branches 
by the free spin waves implies that the quantum effect is 
more relevant in the antiferromagnetic excitations. This 
is rather convincing when we consider the conventional 
spin-wave description of Hisenberg ferromagnets and an- 
tiferromagnets. The ferromagnetic spin waves correctly 
describe the low-lying excitations, whereas the antifer- 
romagnetic ones merely give a qualitative view of the 
low-energy structure leading to the divergence of sublat- 
tice magnetizations. Here, the spin-wave theory is much 
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more potential and the spin-wave series can in principle 
reach an accurate description of the antiferromagnetic, as 
well as ferromagnetic, excitations owing to nondivergent 
sublattice magnetizations. 

In order to refine the up-to-0(S'^) dispersion rela- 
tions ( 2.13 ), let us consider interactions between the spin 
waves . W e may rediagonalize the one-body Hamilto- 
nian ( ^.3[ ) together with the two-body terms of the or- 
der 0(S^) in the naivest attempt to go beyond the linear 
spin- wave theory. However, such a treatment so mis- 
reads the low-energy structure as to bring a gap to the 
lowest-lying ferromagnetic excitation branch. Therefore, 
preserving the Bogoliubov transformation, we pick up rel- 
evant contributions to the dispersions, as well as to the 
ground-state energy, from the 0(5*°) terms. The Wick 
theorem allows us to rewrite the spin-wave Hamiltonian 
of the present two-leg ladder system as 



Ti-SW — -Eclass + Eq + El + Hhicl + Wquart + 0{S ^) 



E E 

cr,T=± k 



quart 
(i(<7,r))t,(j(a,r)) 



(3.1) 



where the index i of the bosonic operators is a function 
of a and r as i{a,T) = 2{a + l)/2 (t -f l)/2 + 1, 
taking 1 to 4. Tiinci contains irrelevant terms such as 
bf. bj: and Tiquart is the residual two-body interactions 
in the normal order, both of which are neglected so 
as to keep the lowest ferromagnetic excitation gapless. 
i^ciass = —4:NJ{l + r/2)Ss is the Neel-state energy, while 
Eq and El are the 0{S^) and 0(5'") quantum corrections 
to it, respectively. uj^rikYs are the dispersions for the 
free spin waves, whereas SuJaT{k)^s are the 0(5") cor- 
rections to them. They are all explicitly given in Ap- 
pendix ^. Thus-obtained up-to-0(5°) dispersion rela- 
tions potentially gives a precise description of the low- 
temperature thermodynamics p8[ |. 

The interacting-spin-wave dispersions are also shown 
in Fig. ^. They excellently describe the antiferromag- 
netic, as well as ferromagnetic, excitations. We empha- 
size that the present highly accurate spin-wave descrip- 
tion of the low-energy structure is stably obtained for 
ferrimagnetic chains, ladders, and layers with an arbi- 
trary combination of S and s. For S = s, where the 
present system is no more a ferrimagnet, the quantum 
corrections (A3) and (A_5) diverge. This is due to the 
divergence of the quantum spin reduction 



1 

N 



(3.2) 



where ( )g means the ground-state average. The con- 
ventional spin-wave theory for low-dimensional 
Heisenberg antiferromagnets is plagued by the difficulty 
of the zero- field sublattice magnetizations diverging. Fer- 
rimagnetic systems are generally free from this difficulty 
and therefore quantum correlations can systematically 
be calculated. Table | further demonstrates the excel- 
lence of the ferrimagnetic spin-wave theory. Unless r is 



too large to maintain the quasi-one-dimensional aspect, 
the interchain coupling contributes to the enhancement 
of the effective dimension of the system. With increas- 
ing r, the Neel configuration indeed better approximates 
the ground state. Although the classical configuration 
considerably deviates from the exact ground state at the 
decoupled-chain limit r = 0, the spin- wave series still well 
describe the ground-state correlations. 



IV. FERROMAGNETIC FEATURES OF 
FERRIMAGNETS 



How should we couple the ferrimagnetic chains in or- 
der to grow their ferromagnetic features? We further 
consider the interchain-coupling effect from this point of 
view. The ground-state magnetization must be a mea- 
sure for magnets and it is therefore interesting to observe 
the quantum spin reduction r as a function of r. Equa- 
tion (|3.2| ) is calculated as 



1 



-A^EW- 

k 



(2) 



{k? 



ik? 



(4.1) 



within the present spin-wave treatment and is plotted in 
Fig. 1^ in comparison with the quantum Monte Carlo es- 
timates. When we consider r as a function of constituent 



spins, Eq. (4.1) monotonically decreases as S/s increases, 
diverging at the antiferromagnetic limit S/s ~ I and van- 
ishing for the ferromagnetic limit S/s —^ oo. Though 
the divergence at 5* = s is totally due to the Holstein- 
Primakoff transformation, this observation of t fully jus- 
tifies the view that r should be a measure for the ferro- 
magnetic aspect of ferrimagnets. 

The spin waves overestimate quantum fluctuations but 
they successfully reproduce the minimum of r as a func- 
tion of r. When we assemble molecular bricks so as to 
construct ferrimagnetic chains and then couple them in a 
ferromagnetic fashion, the Neel configuration grows with 
increasing r but there is a moderate point Tc to max- 
imize that. For an arbitrary l-leg ladder ferrimagnet, 
T(r oo) is generally larger than T(r = 0) and thus 
there should be a minimum of r as a function of r. The 
minimum point is smaller than unity as far as I stays 
finite. If we consider the simple square-lattice plane as is 
illustrated in Fig. |l], Tc approaches unity for / oo. On 
the other hand, the recent progress in the molecu- 
lar chemistry may raise even a possibility of mixed-spin 
chains based on stable organic radicals forming into a 
honeycomb lattice, where Tc remains smaller than unity 
even for I —^ oo. Furthermore the synthesis of a ladder 
ferrimagnet itself is now indeed in progress p6[ . is 
sensitive to the constituent spins as well as the crystal 
structure. This point should also be taken into consid- 
eration in designing molecular ferromagnets. is an 
increasing function of the ratio g = S/s, suggesting that 
ferrimagnets should be characterized by g rather than 
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S and s themselves. As for the bimetalhc chain com- 
pounds MM'(pbaOH)(H20)3-nH20, the larger-spin mag- 
netic centers were systematically tuned from Mn {S = |) 
to Ni (iS* = 1), while the smaller-spin ones were mainly 
fixed to Cu (s = ^) |Q. This is partly due to the prob- 
lem of crystal engineering but might on the other hand 
aim at suppressing the quantum spin reduction r. How- 
ever, as far as we work along this line, a rather strong 
interchain coupling is needed to attain the highest tran- 
sition temperature. If we replace both magnetic centers 
M and M' simultaneously, can relatively be reduced at 
the cost of the amplitude of t and therefore the highest 
transition temperature might be obtained at a smaller 
feasible interchain coupling. 
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FIG. 6. Spin-wave calculations of the quantum spin reduc- 
tion r as a function of r for the two-leg ferrimagnetic ladders 
with various values of (5, s). Quantum Monte Carlo estimates 
are also shown at {S,s) — (1, i) for reference. The minima 
are indicated by arrows. 




FIG. 7. Quantum Monte Carlo calculations of the temper- 
ature dependence of the magnetic susceptibility times tem- 
perature for the (S, s) — (1, i) two-leg ferrimagnetic ladders. 



In relation to r, let us observe the ferrimagnetic suscep- 
tibility in Fig. 1^. The susceptibility-temperature product 
xT is a monotonically decreasing function of T in ferro- 
magnets, while a monotonically increasing function in an- 
tiferromagnets. Therefore, the present observation may 
be regarded as a ferromagnetic-antiferromagnetic mixed 
nature of ferrimagnets. The low-temperature divergence 
is really reminiscent of the ferromagnetic susceptibility 
and therefore signifies how ferromagnetic the ferrimagnet 
is. Interestingly enough, as r moves away from toward 
1, the diverging behavior is indeed sharpened in the be- 
ginning but reaches its limit at a certain value of r. The 
divergence at r = 1 is clearly duller than that at r = 0.5. 
Though the diverging susceptibility is very hard to calcu- 
late accurately at low temperatures, the most ferromag- 
netic ferrimagnet seems to be realized around r = r^- 



V. SUMMARY AND DISCUSSION 



Motivated by the ferrimagnetic chain compounds, we 
have investigated the magnetic properties of mixed-spin 
coupled-chain systems featuring a spin- wave analysis. 
The present spin-wave description is available for gen- 
eral ferrimagnets. It is not only highly successful for 
quantum correlations but also open to thermal prop- 
erties complementing numerical investigations. While 
the small-momentum ferromagnetic excitations should 
dominate the low-temperature thermodynamics, exact- 
diagonalization methods are totally unable to describe 
them. Even with a quantum Monte Carlo technique 
1 ^ , it is rather hard to obtain the curvature v of their 
quadratic dispersion relation. The present procedure 
readily gives v as 



V _ bs 
J ~ 2{S~s) 



N{S- 



J2 {i^^'\k)4'\k)+4^\k)4^\k))cos- 



2 

(5.1) 



It is free from r within the linear spin-wave theory. Its 
leading r dependence arises from the 0{S^) correction. 
When V is revealed, we can for instance obtain the lead- 
ing behavior of the specific heat at low temperatures as 



C 
LkB 



3 
16 



knT 



o 



kBT 
J 



(5.2) 



with Riemann's zeta function C{z), provided r > k^T / J . 
The following terms of the order 0{kBT/J) can not suc- 
cessfully be obtained within the present spin-wave formu- 
lation, but a modified spin-wave theory p8| will bring us 
them as well as a precise description of the susceptibility. 
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The present calculation is not only a theoretical har- 
vest but also encourages further chemical explorations 
into molecular ferromagnets. While most of thus-far- 
synthesized ferrimagnets are inorganic-organic hybrid 
materials, there may be genuine organic ferrimagnets, 
where the variety and flexibility of the crystal structure, 
as well as sufficiently small magnetic anisotropy, may 
enable us to investigate quantum mixed-spin phenom- 
ena extensively and essentially. An example approach 
p9| , ^ consists of synthesizing an alternating chain of 
a monoradical and a biradical with a triplet ground 
state. However, the low-temperature properties of the 
obtained compounds deviate from the ferrimagnetic be- 
havior suggesting the formation of local singlet clusters. 
In order to overcome such an inherent difficulty in or- 
ganic molecule-based materials, another strategy is 
in progress, where the crystal consists of a triradical con- 
taining both spin-1 and spin-^ units within itself. This 
material is now believed to possess a ladder-like structure 
rather than a chain structure predicted in the beginning 
of the structural analysis. Thus, the first example of a 
mixed-spin ladder has appeared, though the ferrimag- 



netic ground state is still not realized there possibly due 
to next nearest-neighbor interactions. 

Interchain interactions inevitably exist in low- 
dimensional mixed-spin magnets and they seriously affect 
the formation of the ferrimagnetic ground state. Ladder 
systems are the simplest but efficient stage to study such 
phenomena. We expect a close collaboration between 
theoretical and experimental investigations in designing 
molecule-based ferromagnets. 
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APPENDIX A: SPIN- WAVE TREATMENT OF THE FERRIMAGNETIC LADDER 

We express the spin- wave Hamiltonian up to the order 0{S'^) as 

Hsw = i^ciass + i?o + i?i + J2 + (Al) 

(T,r — ± k 

where 

f =i:{^(i+DV+.)-«.(c„4-i)^-(i+i)(s+„ 

+ y(l + 0'(^ + =s)2-4^.(cos^ + 0' - (l + (5 + ,s)| , (A2) 

fc fc 

fc fc 

+ ^(/f + /l) E {^r\kr+^^^\kr) y: (v4'^(fc')v.r^(fc') +4'Hfc')4'^(fc'))cos| 

+ |(/f + /l) E {4'\kr+4'\kr) y: {4'\k')i.r\k')+4'\k')4'\k')) , (A3) 

^ - /(l + ^YiS + s)^ ~ 45.(cos^ - r0V .(l + ^)iS-s), (A4) 
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4 
N 



k' 



^ k' 



(4)/ 



k' 



-,(1) 



,,(2) 



(A5) 



with 



2 / fc r\ 
2r / fc r\ 



5*5 , 



G 



= 8(7 1 COS r- I Ss — 2(7 



1 + _ + 5)2 _ 45.(cos^ _ _ ^( 1 + _ ) (5 + ,s) 



(A6) 



Wc ca n obtain the dispersions (A4) by setting ky equal t o and replacing kx and r by fc and r/2, respectively, in Eq. 
( ^.13 ). The Bogoliubov transformation is given by Eq. (2^) with 
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TABLE I. The noninteracting-spin-wave (LSW) and inter- 
acting-spin-wave (ISW) estimates of the ground-state energy 

per rung, E^/LJ, for the {S,s) = (1,^) two-leg ferrimag- 
netic ladders, in comparison with the exact values (Exact) 
obtained by numerical diagonalization. The classical values 
(Nc(>l). that is. the onorgios for the Noel configuration, are 
also listed for reference. 



r = J' /J 


Neel 


LSW 


ISW 


Exact 


0.00 


-1.00 


-1.4365 


-1.4608 


-1.4542(1) 


0.01 


-1.01 


-1.4371 


-1.4638 


-1.4566(1) 


0.10 


-1.10 


-1.4539 


-1.4869 


-1.4807(1) 


0.50 


-1.50 


-1.6270 


-1.6478 


-1.6459(1) 


1.00 


-2.00 


-1.9295 


-1.9463 


-1.9433(1) 
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